JUuNE 1981

BRIAN J. HOSKINS AND DAVID J. KAROLY

1179

The Steady Linear Response of a Spherical Atmosphere to Thermal and Orographic Forcing!

BRIAN J. HoskINS AND DAvVID J. KAROLY?

U.K. Universities’ Atmospheric Modelling Group and Department of Meteorology, University of Reading, RG6 2AU England

(Manuscript received 21 November 1980, in final form 23 February 1981)

ABSTRACT

Motivated by some results from barotropic models, a linearized steady-state five-layer baroclinic model
is used to study the response of a spherical atmosphere to thermal and orographic forcing. At low levels
the significant perturbations are confined to the neighborhood of the source and for midlatitude thermal
forcing these perturbations are crucially dependent on the vertical distribution of the source. In the upper
troposphere the sources generate wavetrains which are very similar to those given by barotropic models.
For a low-latitude source, long wavelengths propagate strongly polewards as well as eastwards. Shorter
wavelengths are trapped equatorward of the poleward flank of the jet, resulting in a split of the wave-
trains at this latitude. Using reasonable dissipation magnitudes, the easiest way to produce an appreciable
response in middle and high latitudes is by subtropical forcing. These results suggest an explanation for
the shapes of patterns described in observational studies.

The theory for waves propagating in a slowly varying medium is applied to Rossby waves propagating
in a barotropic atmosphere. The slow variation of the medium is associated with the sphericity of the
domain and the latitudinal structure of the zonal wind. Rays along which wave activity propagates, the
speeds of propagation, and the amplitudes and phases along these rays are determined for a constant
angular velocity basic flow as well as a more realistic jet flow. They agree well with the observational and
numerical model results and give a simple interpretation of them.

1. Introduction

The papers of Charney and Eliassen (1949) and
Smagorinsky (1953) gave the first detailed account
of the steady, linear response of an atmosphere to
large scale orographic and thermal forcing. In these
studies the sphericity of the earth was modeled using
the B-plane approximation, thus allowing the pos-
sibility of Rossby wave motion. In the following years
there have been numerous papers published on the
effects of the two forcings. Derome and Wiin-Nielsen
(1971) used a B-plane quasi-geostrophic model and
Egger (1976a,b; 1977) a hemispheric two-level primi-
tive equation model. General circulation models have
also been used to try and isolate the role of mountains
(Manabe and Terpstra, 1974; Kasahara er al., 1973)
and anomalous thermal sources (Rowntree, 1972,
1976; Chervin et al., 1980, and refs.).

In an attempt to cast more light upon the behavior
on the sphere of Rossby waves due to large scale
sources and sinks, the propagation of energy and
vorticity as described by the linearized, barotropic
vorticity equation was examined in Hoskins et al.
(1977). In Grose and Hoskins (1979) a barotropic
model was used to study the steady, linear Rossby
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wave pattern on zonal flows induced by various sim-
ple mountains. It was found that there was a ten-
dency to produce a split wavetrain downstream of a
mountain range. For a Northern Hemisphere winter
300 mb zonal flow, the train poleward of 40° was
composed of lower zonal wavenumbers than that
equatorward of this latitude, and about 80° down-
stream of the mountain there was a tendency for a
“‘blocked’’ region with a region of anticyclonic vor-
ticity located poleward of a cyclonic vorticity region.
It is of interest to attempt the modeling of thermal
sources using barotropic models. For midlatitudes
this is scarcely possible because of the baroclinic
nature of the local response to thermal forcing. How-
ever, for tropical regions one may argue (following
Bjerknes, 1966) that an anomalously warm ocean
may lead to extra convective heating in the atmos-
phere. This will be balanced by extra upward motion
and hence divergence and forcing of anticyclonic
vorticity at upper levels. Thus the simplest model
of a tropical thermal anomaly is to force anticyclonic
vorticity in a tropical region in a non-divergent baro-
tropic model which is linearized about a zonal flow.
Many experiments have been performed with such
a model, but little sensitivity of the solutions is found.
We shall present one typical case here. The zonal
flow is a climatological Northern Hemisphere 300 mb
winter flow, the negative vorticity source is in an
elliptical region between the equator and 30°N and
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between 30°W and 30°E. To make the total vort1c1ty
source zero, a uniform positive vorticity source is
placed elsewhere at these latitudes. As was done in
Grose and Hoskins (1979), a linear wave drag with
an e-folding time of 14.7 days and a scale selective
V4 smoothing are included. The model is time de-
pendent, hemispheric and uses a spectral represen-
tation with triangular truncation at total wavenum-
ber 42. The forcing is switched on at t+ = 0. The
answers obtained are clearly linearly proportional
to the magnitude of the. forcing. However, to be
definite, we take the maximum upper level diver-
gence to be 4 x 1075 s7'. This is approximately the
value of the convergence that would be expected to
give an extra 10 mm of rain per day.

Ater ten days the solution changes little with time
and 30-day averages are not far from steady-state
solutions. The 30-day average perturbation vorticity
field is shown in Fig. 1. There is a negative response
as expected over the source but the interesting fea-
ture is the propagation north and east from the source.
The corresponding height field, as obtained from the
linear balance equation, shows a 6 dam high slightly
west of the forcing, a low of 17 dam centered on
35°N, 10°E, a similar high near 60°N, 40°E and a
low at 70°N, 110°E of 11 dam. These features are
set up by approximately 2, 4, 6 and 10 days, respec-
tively. There is clearly a measure of agreement with
the description of Bjerknes (1966), in particular the
strengthening of the subtropical jet and a trough to
the north. The height field deviations are similar in
magnitude to the largest anomalies found in monthly
mean charts.

The barotropic calculations of wavetrains de-

scribed in Grose and Hoskins (1979) and here are
interesting because of both the nature of the solutions
and their suggestive similarity with observed tele-
connection patterns, as will be discussed below.
However, the linearized barotropic model is clearly
a great simplification of atmospheric behavior. As a
step closer to reality, in this paper we look for the
-patterns predicted by a hemispherical baroclinic
model. The model is linearized and steady state; the
presence of baroclinic instability precludes a simple
time-marching approach. It uses five equally spaced
layers in the vertical, which are almost certainly
not sufficient to represent the longest waves in cer-
tain circumstances, this being a subject of current
study.

Details of the model and methods of solution are
given in Section 2. In Sections 3 and 4 the responses
to thermal and orographlc forcing are exhibited.
Away from the forcing regions the results show an
equivalent barotropic structure with largest ampli-
tudes in the upper troposphere; the 300 mb level
patterns are very similar to those predicted using
barotropic theory.

These results are consistent with those from recent
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observational studies. Blackmon et al. (1979) have
used 15 years of NMC data to study the geographical
variations in the vertical structure of geopotential
height fluctuations. They particularly noted the baro-
tropic nature of fluctuations on time scales of a week
to a season over the eastern oceans, compared with
their baroclinic nature over the.continents. This is
in agreement with the barotropic nature of the model
results if these long time scale transients are forced
by changes in the flow over orography and in the
thermal input from the continental and western
boundary current regions. Wallace and Gutzler (1981)
have used the NMC monthly mean winter data to
make an objective search for teleconnections in the
geopotential height field. They identified these tele--
connections by correlating the 500 mb geopotential
(or sea-level pressure) at every point with every
other point and seeking extrema in the correlation

“coefficients. They identified five dominant patterns

and produced composite charts for these patterns.
Again, the patterns were essentially equivalent baro-
tropic, but hemispheric teleconnections were more
evident at the 500 mb level. Further work by Horel
and Wallace (1981) has shown that warm episodes
in equatorial sea-surface temperature in the Pacific
tend to be accompanied by below-normal 700 mb
height in the North Pacific, above-normal heights
over western Canada, and below normal heights over
the southeastern United States. All the teleconnec-
tion patterns are very reminiscent of the Rossby
wavetrains in the model results.

In Section 5 the wavetrains in the models and
atmosphere are interpreted using the theory for
waves propagating in a slowly varying medium. The
waves considered are stationary, barotropic Rossby
waves and the variation of the medium is due to the
sphericity of the earth as well as the latitudinal
structure of the zonal flow. The patterns, time-scales
and amplitudes deduced from the theory agree with
those given by the numerical model.

2. Model details and method of solution

The basic numerical model used for this study is
the primitive equation, o-coordinate model described
by Hoskins and Simmons (1975). It uses the spec-
tral-transform technique in the horizontal and sec-
ond-order finite differences in the vertical and has
been thoroughly tested and used in many studies of
baroclinic instability. In a linearized calculation, the
solution for each zonal wavenumber m is independ-
ent and may be determined separately. On the hemi-
sphere, using a rhomboidal truncation, at levelj the
vorticity variable £ which is an odd function about
the equator is represented by

& = [EMPran(p) + s Phs(p) + -+

WP w))e™,
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where u = sin(latitude), A = longitude and P% are
the associated Legendre functions and it has been
assumed that J is odd. Variables even about the
equator, e.g., divergence D, are represented by

D = [Di"P() + DI Phia(pu) + -
+ ir‘n'iJ—lP;ZH—l(M)]eim}\-

The atmospheric state in wavenumber m may be
described by the vector

X = (& iD, T, Inp,), 2.1
where
E=(runéiin - o o s Pmrsbnls
Foei€mitn = s FarsENET), (2.2)
D= (r,Dy" s russ D,
o P DY), (2.3)
T=(T" .. Tl - TN, (24)
Inp, = (np,3, . .., Inp i), (2.5

T is the temperature, p, the surface pressure, r,
= {n(n + D]™* and NL the number of model lev-
els. It is easily shown that the linearized primitive
equations with no source or sink terms may be written

X = iAX, (2.6)

where A is a real square matrix of side (3 x NL + 1)
X (J + 1)/2. The r, factors are included in (2.2) and
(2.3) to make more of the elements of A of order 1.
Given a working time-dependent model, the matrix
A may be simply determined a column at a time
by performing a sequence of single time-steps using
as initial conditions the zonal flow plus unity in one
component of X. For example, (2.6) shows that ini-
tial conditions with X; = 8, give

Xj - iAjl, (27)

and so the /th column of the matrix A is given by
—iX.

For the steady problem with forcing ¥ and linear
dissipation DX, Eq. (2.6) is modified to become

0=iAX + DX + F.
The steady response to the forcing F is thus
X =i(A - iD)'F. 2.8)

After determination of the matrix A for a particular
zonal flow, the solution as given by (2.8) may be
calculated using routine matrix inversion or Gaussian
elimination algorithms. :

Every solution obtained is checked by substitution
into an independent version of the spectral primitive
equation model, the forcing and dissipation also being
included.

The dissipation on £ is taken to be of the form
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FiG. 1. 30-day average perturbation vorticity field for a negative
vorticity source in the region 0-30°N, 30°W-30°E switched on at

= 0 using a hemispheric barotropic model linearized about
a Northern Hemisphere 300 mb winter zonal flow. The map
projection is polar stereographic with lines of latitude and longi-
tude drawn every 20°. Negative contours are dashed, the zero
contour dotted and positive contours continuous. With mag-
nitudes specified in the text, the contour interval is 0.05Q.

~M(0)E — KV, (2.9)

That on D is of similar form. The temperature dis-
sipation is
AT — KV AT (2.10)

The simple )\ term is used to represent the effects
of the boundary layer, damping due to radiation and
the influence of transient eddies. In (2.10),

dT(o)
d Inc

is a measure of the temperature perturbation on a
pressure surface as opposed to a o surface. Thus the
dissipation matrix D is not diagonal. As in Grose and
Hoskins (1979) the biharmonic horizontal diffusion
is included so that critical lines at which the zonal
flow velocity is zero are treated in a linear, dissipa-
tive manner. The value of K used in most experi-
ments is again 2.338 x 10 m* s7L.

For the results described in this paper five equally
spaced vertical levels are used. Thus ¢ D and T are
represented atp/p, = 0.1,0.3,0.5;0.7 and 0.9. The
spectral truncation is set atJ = 25 so that each vari-
able, on the hemisphere, for each zonal wavenumber
and level, is described by 13 complex coefficients.
The vector X has 208 components and the matrices
are 208 x 208. For many cases 26 zonal wavenum-
bers are considered but the variance in the high

T'=T-Inp,
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Fi1G. 2. Longitude-height sections showing the differing re-
sponses to thermal forcing in (a) tropics, (b) midiatitudes, and (c)
mid-latitudes for shallow forcing. The arrow depicts vertical
motion, circled crosses and dots motion into and out of the
section, respectively, L the pressure trough, and C and W cold
and warm air, respectively.

wavenumbers is very small and sometimes this num-
ber is reduced to six.

‘The zonal flow which is prescnbed for most solu-
tions is a Northern Hemisphere winter flow. The
velocities are taken from Oort and Rasmusson(1971)?
and modified to ensure symmetry about the equator.
The temperatures and surface pressure are obtained
from a balancing procedure descnbed in Hoskins
and Simmgns (1975).

3. Thermal forcing
a. Introduction

In this section we shall exhibit the response to
various thermal sources. In particular, the change of
the response with the latitude and vertical distribu-
tion of the forcing will be discussed. As an aid to
understanding the results it is worth constructing
some simple arguments based on linearized, inviscid,
B-plane vorticity (¢’) and potential temperature (6')
equations including a heating term Q. Using stand-
ard notation, these may be written

ag;' + pu' =fw,’, (3.1

a0, + v'8, +w'l, = (6,/2)Q. (3.2a)

Using the thermal wind relations, the latter may
3 Qort, A. H., and E. R. Rasmusson, 1971: Atmospheric

circulation statistics. NOAA Prof. Paper No. 5. [U.S. Govt.
Printing Office, Stock No. 0317-0045, ¢ 55.25:5.]
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be written

fav, — fa,o' +w'N?* = Q. (3.2b)
We consider first the balance of terms in the thermo-
dynamlc equation (3.2b): if zonal advection is domi-
nant, v’ ~ QHQ/ fia, and if meridional advection is
dominant, v’ ~ QH,/fi. Here Hy = Q/Q, and H,
= i/, are the height scales of the heat source and
the zonal velocity. However, if vertical advection
is dominant, which is only possible away from the
surface of the earth, w' ~ Q/N?2. In this case the
stretching term in the vorticity equation (3.1) is fiv,’
~ fQ/(N?H,). For large horizontal scales, k <k,
= (B/iz)'*, the B term must balance the stretch-
ing and !

v~ fQNBN?H ).

Assuming that the mechanism requiring the smallest
v’ will dominate, it is seen that heating at and near
the surface of the earth is balanced by horizontal
temperature advection with the zonal or meridional
component dominatinig according to whether H,, is
greater or less than H,. Defining H to be the mini-
mum of H, and H, and y = f4/(BN*HyH) then,
away from the surface of the earth, heating is bal-
anced by horizontal advection if v > 1 and by ver-
tical advection if y < 1. For a situation with H,
=< H, ~ scale height, v is the important parameter
in baroclinic instability discussed by Held (1978)
and others. A

In the tropics, y is small provided H, is greater
than 1 km. Any heating at or near the surface would
produce extremely large values of v'. A heat source
(Q > 0) away from the surface is balanced by up-
ward motion [w’ > 0in (3.2)] as sketched in Fig. 2a.
This implies low-level creation of vorticity [8w/9z
> 0 in (3.1)]. For waves with k& < k,, (wavelengths
much longer than 3000 km, e.g.) this stretching must
be balanced by the 8 term with poleward meridional
motion. Thus it follows that the surface trough must
be to the west of the thermal source.

The midlatitude situation, as discussed by Sma-
gorinsky, is in complete contrast. There y is generally
large and heating at any level is balanced by hori-
zontal advection of temperature. If H, is much larger
than H, (~1-2 km at low levels) a heat source is
balanced by advection of cooler air from polar
regions i.e., v’ < 0 in the Northern Hemisphere.
Thus the trough must be to the east of the source.
For waves with k < k; (which for low levels in mid-
latitudes implies wavelengths much larger than 3000
km e.g.) the creation of vorticity associated with
the B term in the vorticity equation must be balanced

- by vortex shrinking (dw'/9z < 0). In the absence of

Ekman pumping this would imply descent in the
region of the heat source. This situation is sketched
in Fig. 2b. For shallow sources with H, ~ H,, the
low-level heating is partially balanced by zonal
advection with the temperature gradient in the direc-
tion of flow. As shown in Fig. 2c, this is consistent
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with a maximum advection of cooler air from the
pole at low levels and, again, a trough to the east.

b. A subtropical forcing

We now consider the response predicted by the
baroclinic model described in section 2 for an isolated
thermal forcing in the subtropics. The horizontal
distribution of the source is that of a cosine squared
in an ellipse on the tangent plane at 15°N of
eccentricity 4 and minor axis 16° of latitude. Thus
there is negligible forcing outside the latitudinal
band 7-23°. At each latitude the zonal average is
removed and so outside the longitudinal band + 33°
there is zonally uniform cooling. The heating
region is indicated below in Fig. 3c. The vertical
heating profile for this case is proportional to sinwo,
having a maximum at 500 mb. Since the calculations
are linear, the amplitude of the forcing is required
only to give ideas on the magnitudes of responses.
For this purpose we take the maximum vertically
averaged heating rate (before removing the zonal

average) to be 2.5 K day~! which is approximately

the latent heat release given by an extra 10 mm
precipitation per day. As well as the standard
biharmonic diffusion we include linear damping on
the velocity and temperature waves at the lowest
model level with e-folding time of 5 days, this being
mainly a representation of boundary layer processes.
At the higher model levels there is damping on the
temperature wave only with e-folding time 10 days.
This represents the dissipative effects of the
transient eddies (Lau, 1979) and radiative processes.
The zonal flow about which the model is linearized
is that observed in the Northern Hemisphere winter.

In agreement with the description in Fig. 2a, the
vertical velocity field induced by the heating is
upward in the region of the source and has a three-
dimensional distribution almost identical with that of
the source. The maximum ascent at 900 mb is 22
mb day~! and at 500 mb is 67 mb day~'. The height
field structure in the vicinity of the source is shown
in Fig. 3a which is a longitude-height section at
18.1°N. The vertical structure is somewhat similar
to that of the first internal mode. Gill (1980) assumed
this structure and used the equatorial B-plane
approximation in his study of the response of the
tropical atmosphere to thermal forcing. In agree-
ment with Gill’s results, about 15° west of the
source, there is a perturbation pressure maximum
at upper levels and minimum at lower levels. The
corresponding surface pressure perturbation min-
imum is —2.6 mb. The 900 mb poleward wind is a
maximum of 2.2 m s™! at the source and the 900 mb
temperature a maximum of 2.2 K. The overall
picture in the vicinity of the source is consistent with
that given in Fig. 2a.

The low-level perturbations are mostly confined
to the region of the source, but this is not true in
the upper troposphere. Fig. 3b shows the 300 mb
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FiG. 3. Steady state, linear solution of a five-layer baroclinic
model for a deep elliptical heat source at 15° perturbing the
Northern Hemisphere winter zonal flow. Shown are (a) height
field in a longitude-height section at 18.1°N (contour interval
1 dam), (b) 300 mb vorticity perturbation (contour interval
0.05€2), and (c) 300 mb height field perturbation (contour interval
2 dam). The contour convention is as in Fig. 1 except that
the zero contours in (a) are thick continuous lines. The center
of the source is indicated by a cross in (a) and the region of
heating larger than 0.5 K day~! by hatching in (¢). Tick marks in
(a) are at 100, 300, 500, 700 and 900 mb in the vertical
and every 30° of longitude.



F1G. 4. Solution for a deep circular heat source at 45° using
. the NH winter flow. Shown are (a) height field in a longitude-
height section at 46.0°N, (b) 300 mb vorticity perturbation, and
{c) 300 mb height field perturbation. Contours as in Fig. 3, except
that the contour interval in (a) is now 2 dam.
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vorticity perturbation. The pattern is remarkably
similar .to that given in Fig. 1 for the barotropic
model. Although the solution is steady, following the

' barotropic integrations, it is helpful to think of a train

of waves being set up poleward and eastward of the
source. About 60° downstream, at latitude 35°, there
are signs of a split with the lower zonal wavenumbers
continuing polewards to produce a maximum near
70° latitude and 110° downstream while the higher
wavenumbers turn equatorwards. The polar wave-
train appears to proceed on towards the equator
on the opposite side of the hemisphere. Typical
upper-level vorticity amplitudes are 0.15-0.20Q).
The corresponding 300 mb height field perturbation,
given in Fig. 3c, emphasizes the poleward portion of
the pattern with a maximum high and low of
6.5 dam and 11 dam, respectively.

c. Some mid-latitude forcings

We now consider an identical problem except that
the thermal source is centered at 45° and its hor-
izontal distribution (illustrated in Fig. 4¢) is circular,
having the same area as the ellipse used in the
subtropical forcing. The height field perturbation in
a longitude - height section at latitude 46.0° is given
in Fig. 4a. As suggested by the analysis in Section 3a,
the balance of terms is clearly very different. The
surface low pressure of 6.5 mb is attained 18° to the
east of the source and the upper-level pressure
maximum around 60° east. The heating at 900 mb is
balanced by a equatorward wind of 3.7 m s™'. At
middle levels the height scale H, of'the zonal
wind is ~8 km. Thus the balance is by zonal
advection with the warmest air to the east of the
source. 180° downstream from the source there are
large amplitudes at upper levels, but these are better
discussed in the context of 300 mb maps.

The 300 mb vorticity perturbation is shown in
Fig. 4b and is again of hemispheric extent. There
are positive values in the region of the source but
the wavetrains appear to originate some 30° down-
stream with longer wavelengths propagating equator-
wards as well as polewards. The corresponding
height field perturbation (Fig. 4c) has a middle and
high latitude distribution rather similar to that pro-
duced by the subtropical source. The magnitudes
are, if anything, slightly smaller. The upper
tropospheric pattern is very similar in shape and
magnitude if the 45° source has an elliptical distribu-
tion. Thus, given that the source amplitude we have
chosen is probably quite reasonable for the tropics
but rather large for midlatitudes, we come to the
conclusion that for the dissipation used herein it is
easier to force a height field anomaly of a given
amplitude in middle and high latitudes with a heating
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Fi1G. 5. Height field in a longitude-height section at 46-.0°N
for a shallow circular heat source at 45° with the NH winter
flow. The contour interval is 2 dam.

\

anomaly in the subtropics than it is with one in
middle and high latitudes.

It is an interesting feature of this solution that
the 900 mb temperature perturbation is negative
in the region of the heating, reaching —2.7 K
approximately 7° east of the source maximum. This

is however very dependent on the vertical distribu-

tion of the forcing. A solution has also been obtained
for a source at 45° having the same horizontal distri-
bution and vertically averaged heating but with a
vertical distribution o sinzo, giving heating rates of
0.0,0.2,1.7,5.2 and 5.4 K per day at o = 0.1, 0.3,
0.5, 0.7 and 0.9, respectively. The longitude-height
section at 46.0° for this source is given in Fig. S.
The low-level trough is intensified, the surface
pressure minimum now being 12.6 mb. The tempera-
ture perturbation is +2.1 K at the source maximum
rising to +5.2 K 18° downstream. The upper
tropospheric fields are not very dependent on the
vertical distribution and are very similar to those
shown in Fig. 4.

The sensitivity of the low-level temperature to the
vertical distribution of the midlatitude source is
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consistent with Figs. 2b and 2¢, and the thermal
wind relation f¢,” « 65, + 0,, ~ —6, i.e.

deep heating —
positive vorticity increasing with height <
' negative temperature perturbation,
shallow heating —
positive vorticity decreasing with height <
positive temperature perturbation.

It might be thought that the shallow heating case is
clearly the relevant one away from the tropics. How-
ever, the upward eddy flux of heat by transient
eddies of many scales could give the effective
heating a deep distribution on some occasions.
The vertical velocity field in both deep and
shallow midlatitude heating experiments exhibits
weak ascent ahead of the heating and descent
behind, the extrema being less than 10 mb day~!.

d. Some other cases

Numerous other solutions have been obtained
for different source latitudes, wave damping,
biharmonic dissipation and basic zonal flows.
Table 1 summarizes some of the information for
different source distributions. For a forcing centered
on the equator, not only is the vorticity generation
by basic stretching small (f small) but also the source
is completely within the region of easterly zonal
winds at all heights. In accord with numerous other
studies the response outside the latitude of forcing
is small. As the source is moved polewards, the

TaBLE 1. Experiments with different heat source distributions. The sources are denoted by the latitude of their maxima, their
eccentricity, latitudinal extent and vertical distribution with D representing the sinwo deep source and S the o* sinwo shallow source.
The values given for surface pressure trough, 500 mb vertical velocity and 900 mb meridional wind and temperature are the
extrema in the vicinity of the source. Where no value is given, there is no definite extremum in that vicinity. The pressure trough
position is its longitude from the source. The last number is a subjective measure of the strength of the polar wavetrain at 300 mb,

taking that for the deep 15° source as the unit.

Lati-
Lati- tudinal Vertical P omin
tude Eccen- extent distribu- P nin position Ws00 Vgao T 00 Polar
(deg) tricity (deg) tion (mb) (deg) (mb day™!) (ms™Y) (K) wave
0 4 16 D 0.5 0 —45 -0.3 0.8 0.1
10 4 16 D 1.3 -1t -50 1.3 1.1 0.5
15 4 16 D 2.6 —14 —67 2.2 2.1 1.0
20 4 16 D 5.3 —13 -79 39 1.0
30 4 16 D 9.1 +25 ~3.9 -5.2 0.8
45 4 16 D 7.0 +25 ~2.7 -23 0.8
45 1 32 D 6.5 +21 ~3.7 -2.9 0.8
45 1 32 S 12.6 +14 -5.8 52 0.7
45 1 64 S 18.7 +11 ~5.8 10.6 1.8
60 | 32 S 2.1 +15 -8.2 8.4 0.9
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FiG. 6. 300 mb vorticity perturbation for a heat source at 15°
when the basic flow is 0.7 times that used for Fig. 3. Contours
as in Fig. 3b.

phase of the poleward wavetrain changes but its
trajectory is very similar. Between 20° and 30° there
is a change from the balance of the heating by
vertical motion to the balance by horizontal advec-
tion. A source of double the radius of the previous
one at 45° produces a polar wavetrain larger by a
factor of 2 consistent with the increase in the long-
wave components in the forcing. Finally we note
that a shallow source gives a much larger low-level
response if it is placed at 60° rather than at 45°
because of the smaller meridional temperature
gradient and hence larger compensating meridional
wind required at the higher latitude.

The “various damping experiments will not be
described in detail here as the dominant effect is
on fluxes of heat and potential vorticity and not on
the wavetrain pattern which is the subject of this
paper. The phases and amplitudes in this pattern
are remarkably insensitive to the temperature damp-
ing. Increasing the velocity damping at levels 1-4
from zero to a value equivalent to a 10-day e-folding
time gives a negligible change in the wavetrain
pattern for a 15° deep source though the amplitudes
are reduced by 40% locally up to a factor of 4 at
the polar maximum.

For the same 15° source the biharmonic dissipa-
tion has been increased by a factor of 5 and decreased

by factors of 2 and 5. The increase by 5 and decrease

by 2 do not modify the wavetrain pattern. They
produce only small changes in the amplitude near
the source rising to a decrease of a factor of 3 and
increase of a factor of 1.4 in the respective cases.
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However, the decrease of K by 5 results in a different
pattern, this value probably being insufficient for the
zero wind line to act as an absorber. In this case
the equatorial wall would act as a spurious refiector.

The additional zonal flows that have been used are
in three different categories. Those in the first
category are obtained by multiplying the Northern
Hemisphere winter zonal velocities by a certain
factor. This factor has been varied from 0.7-1.4 in
steps of 0.1. The 300 mb vorticity perturbation for
a deep elliptical source at 15° in the weakest flow
(0.7) is given in Fig. 6. It shows a simple poleward
and eastward wavetrain whose .trajectory is very
similar to that for the basic flow (Fig. 3b). However
the wavelength along the trajectory is rather shorter.
As the zonal flow is increased, one gradually obtains
more structure in the wavetrain after it has reached
polar latitudes and more evidence of shorter waves
turning equatorward near latitude 35°. However,
when the factor is increased to 1.2 there is a dramatic
change with zonal wavenumber 3 up by a factor of
more than 5. This resonance will be discussed below.
For even stronger flows, the response tends to be
dominated by wavenumber 1 though the amplitude
is not indicative of resonance.

The second type of zonal flow is obtained by
adding a constant angular velocity equivalent to
3 m s~ at the equator to the basic flow at all levels.
The deep elliptical source at 15° gives a very similar
response although, compared with Fig. 3c, the
300 mb high near 60°N is ~20° to the east and the
800 mb low is rather weaker and 35° to the east. The
shallow 45° source gives a response about 35 of that
without the superrotation, though otherwise similar.
The smaller amplitude is due to more compensation
by the larger zonal advection (796’/0x). The third
type of zonal flow has velocities at each level with
latitudinal profile like sin?[# sin(latitude)], having a
maximum at 30°. Again the same qualitative pictures
are obtained.

4. Orographic forcing
a. Introduction

Again it is worth considering simple arguments
on the response to orographic forcing before con-
sidering linearized solutions to the primitive equa-
tions on the sphere. B-plane channel barotropic
theory says that fluid columns are squashed on the
upslope and stretched on the downslope, thus
generating anticyclonic and cyclonic vorticity,
respectively. For long wavelengths (k¢ < k) the B
term in the vorticity equation (3.1) is dominant and
there is a cyclone over the ridge. Conversely, for
medium and short wavelengths (k¢ > &) the zonal
vorticity advection dominates and there is an anti-
cyclone over the ridge. At & = k, there is resonance
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and the amplitude is limited only by the amount of
dissipation present. The presence of dissipation
moves the anticyclone towards the upslope forcing
region for k both less than or greater than k;, so
that the solutions look as in Fig. 7a, b.

However, as suggested by the analysis of Dick-
inson (1978),* the situation is very different for the
baroclinic case. In 8-plane quasi-geostrophic theory,
the topography (height #*) enters only through appli-
cation of the thermodynamic equation (3.2b) at the
boundary with Q replaced by —ahiNZ?. There is
adiabatic cooling on the upslope and warming on the
downslope. Since the ratio of the first to the second
term in (3.2) is (v'/v,’):(a/ir,), for vertical scales
much larger than 1-2 km, the upslope cooling must
be balanced predominantly by the motion of warm
air poleward (v’ > 0) and the downslope warming
counteracted by equatorward motion of cold air
(v' < 0). Thus the anticyclone always tends to sit
approximately over the mountain. For long wave-
lengths (k < k,) the waves must be propagating
in the vertical, slope westward with height and have
the warmest air ahead of the trough. So that zonal
advection may aid in counteracting the apparent
heat source and sink the anticyclone shifts a little
(typically less than 20°) westward of the mountain
as shown in Fig. 7c. For short wavelengths (kK > k)
the waves are trapped (Fig. 7d). The wavelength
(k = k,) represents a simple transition between
the two.

Barotropic theories have generally been applied
to the middle and upper troposphere for which &
corresponds to a wavelength of order 7 000 km so
that for all except the very longest waves the relevant
barotropic case is the shortwave one (k > k) shown
in Fig. 7b. For baroclinic theories the relevant &, is
the lower tropospheric value which corresponds to
a wavelength of about 3 000 km. Thus the most
relevant case for medium and long wavelengths is
the longwave one (k < k,) in Fig. 7c. As commented
by Dickinson (loc. cit.) it is largely fortuitous that
barotropic theory with damping and baroclinic
theory give the same phases in the most relevant
region in parameter space. However, it is possible
that the wavetrain away from the source region is,
at least qualitatively, well described by barotropic
theory.

b. A circular mountain at 30°

As was done with the thermal forcing, we shall
first discuss one particular solution. The zonal flow
is again that for the Northern Hemisphere winter.

4 Dickinson, R. E., 1978: On planetary waves. The General
Circulation: Theory, Modelling and Observations. NCAR
Summer 1978 Colloquium, NCAR/CQ—6+ 1978—ASP, 59-82.
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FiG. 7. Vertical sections showing the response to westerly flow
over topography as described in the text. (a) and (b) are
barotropic atmospheres with clockwise and counterclockwise
arrows signifying the generation of anticyclonic and cyclonic
vorticity, and H and L the pressure ridge and trough. (c) and (d)
are baroclinic atmospheres with circled crosses and dots signify-
ing poleward and equatorward flow, W and C the warmest and
coldest air, H and L the mean sea-level pressure ridge and trough,
and lines from them showing the vertical tilt of the pressure wave.

(b)

We include the standard biharmonic diffusion and a
linear damping with e-folding times in days (10, o,
®, ®, 5) on velocity and (10, 10, 10, 10, 5) on
temperature. The upper-level damping on velocity
was included to compensate to some extent for the
lack of loss of wave activity to the stratosphere.
The mountain is taken to have a cosine-squared
profile in a circle of diameter 45° of latitude centered
at 30°N. For quantitative discussion the height of
the mountain will be 2 km. Zonally averaged
topography does not affect the linearized problem
and when this is removed the 500 m contour is as
shown below in Fig. 8d.

To emphasize the drawbacks of the linearized
treatment of topography it should be noted that the
low-level vertical velocity has a quadrupole pattern.
The westerly winds poleward of 30° give the upslope
region to the west of the mountain while the low-
level easterly winds on the equatorward side give
their upslope region to the east of the mountain.
This implies very different low-level perturbation
structures in the two regions as is apparent from
the two vertical height-field sections shown in Fig.
8a, b. At latitude 40.5° there is a mean sea-level
pressure maximum of 4.5 mb centered 3° west of the
mountain top and a minimum of 3.1 mb ~ 33° to the
east. There are negative 900 mb temperature per-
turbations over and to the east of the mountain
(minimum —2.1 K) corresponding to a decrease of
the ridge and increase of the trough with height.
There are slight westward tilts with height and max-
imum amplitudes at 300 mb and 100 mb. This
structure is consistent with the arguments given in.



1188 JOURNAL OF THE ATMOSPHERIC SCIENCES VOLUME 38

the previous section. They are also consistent with
the low-level structure at latitude 23.7°. There the
low-level wind is easterly and there is a mean sea-
level pressure minimum of 7.1 mb centered 9° to
the west of the mountain top and a maximum of
5.2 mb 18° to the east. Just above 900 mb the
wind becomes westerly and the low-level response
of opposite sign to that further north is replaced at
upper levels by a pattern in phase with that for the
north.

Again the interesting hemispheric patterns have
maximum amplitudes in the middle and upper tropo-
sphere. The 300 mb vorticity and height field per-
turbations, given in Fig. 8c, d are very similar to
those predicted by the barotropic model (Grose and
Hoskins, 1979). In particular there is a low wave-
number polar wavetrain and a shorter wavelength
subtropical train, with a split near latitude 40°.
About 80° downstream of the mountain there are
positive height field deviations poleward of nega-
tive deviations: an incipient blocking region. Upper
tropospheric height perturbations are in the range
6-8 dam, quite similar to those givenby 2.5 K day™'
thermal sources. ‘

c. Some other simple mountain cases

It is arguable that a zonal wind representative of,
say, the 950 mb level instead of that at 1000 mb
should be used to evaluate the topographic ascent
and descent in a linearized model. The stronger
westerly winds at the higher level would imply more
forcing in the westerlies and a transition to easterlies,
nearer the equator. As a measure of the possible
effect of such a modification, the solution is obtained
for the same problem but with the zonal flow every-
where increased by a constant angular velocity
equivalent to 3 m s™! at the equator. The surface
transition to easterlies is moved equatorwards by
~5° to latitude 26°. The 300 mb vorticity perturba-
tion (Fig. 9) shows some changes near the mountain
equatorward of 35° but the downstream wavetrains

- differ only in their slightly greater wavelength.

A 30° mountain with horizontal dimensions
reduced by V2 gives a similar pattern but the polar
wavetrain is smaller by a factor of 4, consistent
with the reduced amplitude in the longest wave-
lengths. If the original circular mountain is elongated
meridionally conserving its area, the amplitudes of
the long wavélengths in the mountain are reduced
but this is compensated by increased amplitude in
the region of large surface westerlies. If the circular

FiG. 8. Solution for a circular mountain at 30° with the NH
winter flow. Shown are (a) height field in a section at 40.5°N,
(b) height field in a section at 23.7°N, (c¢) 300 mb’ vorticity per-
turbation (d) 300 mb height field perturbation. The contours
are as in Fig. 4. Shown also in (d) is the 500 m contour of
the mountain.
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mountain is moved to 60° there is a very similar
polar wavetrain and an equatorward train also of
long wavelength.

~

d. Earth orography

1t is not the intention of this paper to see how
closely linear models can simulate the observed
stationary wave pattern. However, it is of interest
to determine the response to perturbing the observed
Northern Hemisphere winter zonally averaged zonal
flow with a smoothed orography. The actual
orography used was essentially the T21 version
exhibited in Hoskins (1980) except that symmetry
about the equator was imposed. The model 300 mb
height field perturbation (Fig. 10) picks out the
polar wavetrains from the Himalayas, the Rockies

.and, to a small extent, Greenland; to make this
clear, solutions have been obtained for the three
separately. The Himalayas generate half the ridge at
75°, almost all the extrema at 120°, 160° and 230°
and positive and negative centers at 265° and 315°.
The Rockies upstream ridge and downstream trough
at 235° and 280° are not well in phase with the latter
two and they combine to give the extrema at 250° and
292°. The Rockies generate a ridge at 320° which
is reinforced by Greenland, the trough at 20° and half
the ridge at 75°.

Compared with the observed 300 mb pattern the
main difference is the shorter wavelength, partic-
vlarly in the Pacific sector. This is consistent with
the fact that the barotropic model gave a more
realistic answer using the 300 mb flow than the 500 mb

F1G. 9. 300 mb vorticity perturbation for a circular mountain
at 30° with the NH winter flow augmented by a super-rotation.
Contours as in Fig. 3.
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Fic. 10. 300 mb height field perturbation for the NH earth
orography using the NH winter flow. Contours as in Fig. 3. The
Greenwich Meridian is indicated.

flow. At least two possibilities occur. First, it is
possible that linearized theory is not valid. In
particular, the ambient flow in the Pacific sector is
much stronger than the zonal average. For example,
the climatological zonal wavenumber 1 implies that
the average zonal wind in the latitude band 30-45°N
is about 5 m s™! larger in the sector 80-260°E than
the zonal average. If the experiment is repeated with
the zonal flow augmented by the 3 m s~ angular
velocity, a pattern much closer to the observed is
obtained. Secondly, it is clear from Section 3 that
we may expect thermal forcing to be important in
the winter climatology. In particular, the low-level
Aleutian and Atlantic lows are very probably
thermally forced. In this connection, it is of interest
to note that the two experiments mentioned give
mean sea level pressure highs of 10.1 and 16.6 mb
at 84°E, 40.5°N and 8.4 and 6.7 mb at 110°W, 40.5°N,
suggesting that significant portions of the Siberian
high and the high over the western United States
may be associated directly with the response to
orographic uplift.

5. Rossby wave rays
a. Introduction

Some of the most interesting points to come out
of the above investigation are as follows:

(i) Away from the source region the wavetrains
produced in the upper troposphere of the baroclinic
model and in the barotropic models are qualitatively
and even quantitatively very similar.

(ii) Long wavelengths (i.e., small zonal wave-
numbers) propagate strongly polewards as well as
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FiG. 11. The western Atlantic pattern at 500 mb found by
Wallace and Gutzler (1980, adapted from their Fig. 21). Shown is
the difference between the 10 months with the largest positive
value of an index of the pattern and the 10 months with the largest
negative values in a set of 45 winter months. The contour
interval is 4 dam. Interpreting the contours as in Fig. 3, the
picture may be taken as typical of the winter months with a
large positive value of the index.

eastwards, resulting in a wavetrain path not very
dissimilar from a great circle.

(iii) Shorter wavelengths appear to be trapped
equatorward of the poleward flank of the jet (~40°),
resulting in a split of the wavetrains at this latitude
and a possible ‘‘blocking’’ region downstream where
the long, poleward wavetrain and shorter, sub-
tropical wavetrain are out of phase.

(iv) With the dissipation used here, the easiest
way to produce a prescribed amplitude in middle
and high latitudes is by subtropical forcing.

(v) The low-level temperature field for midlatitude
thermal forcing is crucially dependent on the vertical
distribution of the source. -

Of these five points, the fifth has been explained
above using the thermal wind relation. The first
- point is clarified somewhat when it is pointed out
that the wavetrains in the baroclinic model have an
equivalent barotropic structure, with their height or
streamfunction perturbations having the same sign
throughout the depth. Amplitudes are largest in the
upper troposphere and almost everywhere there is
an equivalent barotropic level between 500 and
200 mb.

(i) is also consistent with the barotropic nature
of fluctuations over the eastern oceans as discussed
by Blackmon et al. (1979) and of the teleconnections
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found by Wallace and Gutzler (1981). These tele-
connection patterns are, indeed, very reminiscent
of the wavetrains illustrated in this paper and
suggest that this feature found in simple linearized,
steady-state model is of importance in the eaith’s
atmosphere. As an example, we give in Fig. 11 an
adaptation of Wallace and Gutzler’s map of the
western Atlantic pattern; shown is the difference in
500 mb height between their ten months with the
most positive and the ten months with the most
negative values of an index of the pattern. This
pattern was reproducible in an independent data
set for 13 previous winters though some of the others
were less clearly identifiable.

The GCM studies of Rowntree (1972, 1976a,b)
have given indications of similar wavetrains and
large middle and high latitude perturbations in
response to subtropical forcing. Lau (personal
communication) has found that the difference maps
between GCM runs with and without mountains
also display these patterns.

In the rest of Section 5 we apply kinematic wave
theory and ideas from geometrical optics to a
barotropic model in order to understand the exist-
ence of wavetrains and, in particular, points (ii)
to (iv).

b. Barotropic Rossby waves in a slowly vdrying
medium

We shall consider solutions of the linearized
nondivergent barotropic vorticity equation on the
sphere. It is convenient to use a Mercator projection
of the sphere (e.g., Phillips, 1973): :

X =ak, ¢.1
y =a In[(1 + sind)/cosd]. 5.2)
Then ' ‘
1 i} 1 o
_— (5.3)
a cos¢p ON cos¢p Ox
1 o 1 9
—_—— e 5.9
a 0¢ cos¢p dy
1 0? 0?2
toVE= (-— ——) , (5.5
cos?p\dx?  Oy?
cos¢ = sechy/a, o (5.6)
sing = tanhy/a. 5.7
The Mercator basic zonal velocity
iy = U/cose (5.8)

is proportional to the anglilar velocity. The equation
for the horizontal streamfunction perturbation i, on
multiplying by cos?¢, takes the form

d _ 0 \/0? 0* d
(S m L2820, 20

— :0’
Toox \ox? oy? X

(5.9
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where Substitution in (5.9) gives
2Q d 1 d &P,

= cos?p — — — (cos2¢i, 5.10) + I*P =0, (5.19)

BM a ¢ dy COSZd) dy ( ¢ 'll) ( dy2
where

is cos¢ times the meridional gradient of the absolute K2
vorticity on the sphere. Ay = T = wikity = k2. (5.20)

The dispersion equation for plane wave solutions
expi(kx + ly — wt) of (5.9)

Bk
k2412

w = iyk — (5.11)
As described by Whitham (1960), for example, the
activity of almost-plane waves moves with the group
velocity
cg = (ug’ Ug),

where

2B k?
(k2 + 1227
2Bkl

90 Pud 5.13
YT T e+ 1y 5-13)

1)
=—+ 5.12
p (5.12)

Defining a ray to be everywhere in the direction
of the local ¢,, energy propagates along a ray with
speed equal to the group velocity. Since the disper-
sion equation (5.11) has no explicit dependence on
x and ¢, kinematic wave theory gives that £ and
o must be constant along a ray. The meridional
wavenumber varies along the ray such that (5.11)
is satisfied everywhere.

To describe stationary wave phenomena we con-
sider the case w = 0. Then a ray is given by

b L (5.14)
dx u, k .
and along a ray & = constant and
k? + 12 =Kg2, (5.15)
where the ‘‘stationary wavenumber’’ is
K = (Bu/ay)*?. (5.16)

From (5.12) and (5.13), the magnitude of the group
velocity is

Uy. 5.17)

$

Thus on the Mercator projection or on the sphere,
energy propagates along a ray at a speed double
that of the component of the basic flow in the direc-
tion of the ray.

To obtain a more definite idea of amplitude and
phase corresponding to a given zonal wavenumber
and frequency we follow the ideas of WKBJ theory
(e.g., Dingle, 1973) and look for a solution

Y = P(y) expi(kx — ot). (5.18)

Assuming P(y) = C expif(y), the usual WKBJ
approximate solution is

v
FO) = J I)dy + vailnl(y),  (5.21)
this being valid provided
|di=vdy| < 1, (5.22)

i.e., provided the length scale /7! is slowly varying.
Thus the approximate form for ¢ is

W = Cl” exp[i(kx + r ldy - wt)] . (5.23)

To be definite, consider a wave of zero frequency
propagating polewards and eastwards. Assuming K
is a decreasing function of latitude, ! decreases
(5.15), the ray path becomes more zonally oriented
(5.14) and the streamfunction amplitude increases
(5.23). The latitude at which K; = k then provides
a turning point for the ray. Near this latitude the
WKBIJ approximate solution (5.23) is not valid and it
can be shown that the latitudinal behavior of the
amplitude is that of an Airy function. Its wavelike
structure can be matched onto the ray solution
equatorward of the turning point. Poleward of this
point it is evanescent. As the ray moves equator-
wards the WKBJ solution is again valid. If there is
a critical liney = y, at which &z = 0, then approach-
ing y. the ray tends to become meridional and
the group velocity tends to zero. The WKBJ solution
is not valid close to the critical line but a local
analysis can be performed. In a linear, dissipative
model the wave energy is absorbed, though the
realism of this is frequently questioned (e.g., Tung,
1979).

The poleward increase in amplitude along a ray
is important enough that it is worth considering an
alternative derivation of the /'/2 factor in the stream-
function amplitude . Bretherton and Garrett (1969)
introduced the concept of the conservation of wave
action along rays. The wave action density is

E
A=,
w — kﬁM

where E is the wave energy density

Ala) G
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.F1G. 12. (a) Rays and phases marked by a cross every 180°
for a source at 15° in a super-rotation flow. If all wavelengths
give a negative extremum at the source, the crosses mark the
positions of successive positive and negative extrema. Lines of
latitude and longitude are drawn every 30° and the zonal
wavenumbers associated with the rays are indicated. (b) Ampli-
tudes of the extrema on the rays for the different zonal wave-
numbers, on the super-rotation flow shown as a function of
latitude. The relative amplitudes of the different wavenumbers
depend on the position and nature of the source.

For a medium dependent only on y, as discussed
by Lighthill (1978) for example, v,A is constant along
-a ray. v, is given by (5.13) which may be rewritten
- 2kity — w)(k® + 1?). E is Ya(k? + [2)§2. Thus hj)?
must be constant along a ray, again giving the /72
factor in the streamfunction amplitude. Viewed in
this way, one may associate the increase in stream-
function amplitude as a wave propagates towards a
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turning point with the decrease in the poleward
group velocity.

c. A constant angular velocity flow

In Section d, the above slowly varying wave
theory will be applied to realistic zonal flows. How-
ever many of the results are little different from
those obtained with a constant angular velocity flow;
ity = aw. Thus we shall first produce the analytical
results of this case. .

From (5.10),

_ 2cos’p

Bu Q + a), (5.24)
and the stationary wavenumber (5.16) is
K, = (ea)™ cosd, (5.25).

where €2 = ®[2() + ®)]7'. From (5.14) and (5.15),
the rays are given by
1/2
4 1) .
dx

dy (K?
( e
Substituting (5.25) into (5.26).and using d¢/d\
= cosd(dy/dx), Eq. (5.26) may be integrated giving
the ray equation

(5.26)

tang = tana sin(A — Ay), (5.27)

where
(5.28)

Eq. (5.27) is the equation for a great circle through
A =Xy, ¢ = 0 and reaching a latitude « given by
(5.28) which from (5.25) is where K, = k. The result
that the rays for this case are great circles was
given by the work of Longuet-Higgins (1964). From
(5.25), the wavelength on the sphere at the turning
point of every ray is e times the planetary cir-
cumference. From (5.17) and (5.25), the speed of
energy propagation in the great circle path on the
sphere is 2eak(a®), i.e., a constant directly propor’
tional to the zonal wavenumber. Thus the time
taken for energy to propagate 90° in longitude from
the equator to the turning point is (2eak ) ™! times the
time for the zonal flow to travel 90°.

For actual numbers, we refer to the constant angular
velocity (super-rotation) flow used in Hoskins ef al.
(1977) and Grose and Hoskins (1979). The speed at
the equator was ~15m s™!, @/Q = 1/30.875 and
€ ~ 0.125. Thus the wavenumber one great circle
reaches up to 83° but, traveling at 3.8 m s™!, the
time taken for activity to propagate from the equator
to this turning point is ~31 days. Wavenumber two,
traveling twice as fast, reaches 76° in ~15.5 days.
The fastest possible energy propagation time around
the sphere is 15.5 days. The wavelength on the
sphere at any turning point is ~5000 km. Actual rays
along with the phases computed from the WKBJ
solutions agree to remarkable accuracy with the
solutions for super-rotation forcing problems shown
in Fig. 7 of Hoskins et al. (1977) and Fig. 3 of

cosa = eak.
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F1G. 13. (a) ay/a (deg day™) and a8, for the 300 mb NH winter flow used in the
model. (b) Stationary wavenumbers aK, for the super-rotation flow, and the 500

and 300 mb NH winter flow.

Grose and Hoskins (1979). The former computation
was a time-dependent one in which the downstream
waves were set up consecutively and the integration
was stopped at day 8, the train having reached
almost 180° downstream of the source. The latter
solution was a steady state for a model including
a wave damping with e-folding time of 14.7 days.
Consistent with the above numbers, the longest
wavelengths had little amplitude near 180° and even
the shortest waves were damped by the time that
they had propagated back to the source. Thus with
the value of dissipation used, or a larger one,
resonance plays little part in the solution and the
only sensitive aspect of the solution is the amplitude
of the downstream wavetrain.

For comparison with later solutions, we show in
Fig. 12 the rays and phases on a polar stereographic
map for a source at 15° and the amplitudes predicted
in the waves in the absence of dissipation. The
relative amplitudes and indeed the presence of the
different zonal wavenumbers depend on the latitude
and shape of the forcing. The large gain in ampli-
tude in the lowest wavenumbers as they propagate
polewards must be balanced against the long time
for this propagation and thus the probable large
wave damping.

It is worth noting at this point that, for strict
application of the wave theories, the zonal peri-
odicity of the sphere should be dropped. Then the
zonal wavenumber ak would be a continuous vari-
able and the pictures shown for integer values
should be taken as characteristic of zonal wave-
numbers in a band centered on that value. The
application of these ideas to the periodic sphere
is valid only when propagation around the whole

sphere is impossible due to damping (or absorption
at a critical line) or to time limitation as in the cases
discussed above, i.e., in cases without resonance.

d. More realistic flows

Plots of iy, By and K; for the Northern Hemi-
sphere winter 300 mb flow used in the five-level
model solutions are given in Fig. 13. The main
difference from the superrotation case is that By is
large in the jet and small to the north, making K,
drop from a value of 7 in the jet to less than 4 at 45°.
Thus, in agreement with point (iii) above, we may
expect wavenumbers 4 and larger to be trapped by
the northern flank of the jet while the longer
wavelengths can propagate to 60°. Shown also in
Fig. 13 is the stationary wave profile for the 500 mb
flow. Taking the flow at this level allows wave-
number 4 to reach almost 60° as well.

There is some small-scale structure in the 300 mb
K, that makes the validity of the WKBJ solution
dubious. Because of this, a slight smoothing is
applied to the basic flow. The calculated wave
amplitudes are shown in Fig. 14. In Fig. 15 are given
the rays, energy propagation times and phases for
a 15° source, and the rays and phases for 30° and
45° sources are illustrated in Fig. 16. The stream-
function amplitudes show an increase with latitude
similar to that with the super-rotation. Again the
possible effects of dissipation have to be noted,
although with the stronger velocities the time-scales
are shorter. As can be seen from Fig. 15a, wave-
number one propagates from 15° into the 60° lati-
tude circle within 9 days. For wavenumber two, the
time is only 5 days. The phases shown in Fig. 15b
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FIG. 14. Amplitudes of the extrema on the rays for different
zonal wavenumbers on the 300 mb NH zonal flow.

give a good indication of the extrema exhibited in
Fig. 1 for the barotropic model® and in Fig. 3 for
the baroclinic model. The split in the wavetrains
with the long waves going polewards and the shorter
waves trapped by the northern flank of the jet is
very obvious also for the 30° source shown in Fig.
16a. The worst feature when compared with the
simple mountain solution in Fig. 4a of Grose and
Hoskins (1979) and Fig. 8 in this paper is the zonal
extent of the equatorward wavetrain near latitude
20°. Otherwise, agreement is good. The more
poleward source in Fig. 16b gives only long waves
propagating polewards and equatorwards in agree-
ment with the 45° source shown in Fig. 4.

Any features which are particularly sensitive to
the details of the basic flow are probably not of
interest, both because of the variation in the
equivalent barotropic level in the baroclinic model
‘solutions and because of lack of validity of the
WXKBIJ solution and, in particular, the criterion (5.22).
Thus it is of interest to compare the rays and
phases for the 15° source using the 500 mb flow
(Fig. 17). The main differences are that wave-
number 4 becomes a long poleward propagating
wave and the phase separation and thus apparent
wavelengths are somewhat smaller. However, the
basic pattern is not sensitive.

In Section 3d it was noted that for 1.2 times the
basic winter zonal flow there seemed to be a wave-
number 3 resonance. It is interesting that the zonal
wavenumber 3 ray shown in Fig. 16 for the basic
300 mb flow does indicate the possibility of such
a wave propagating around a significant portion of

5 The barotropic model used a slightly different zonal flow,
but neither the rays nor the model solutions are sensitive to this
difference.
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the hemisphere. For 1.2 times the basic flow this
ray does propagate further around, though this is
quite sensitive to the smoothing of the flow. The
stationary wavenumber K, is identical with that
which is often referred to as the resonant wave-
number. However, apart from the resonant solution
mentioned above, resonance plays no part in the
theory and model solutions exhibited here.

Finally, we note that the same wave theories can
be applied to a free surface barotropic model. The
main change is to replace (5.16) by

5.29

akK, = [a2BM/12M - (0292/gh) Sin22¢]1/2.

F1G6. 15. A 15° source in the NH 300 mb zonal flow: (a) rays
and propagation time marked by crosses every 2 days, and
(b) rays and phases every 180°.
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For an external, barotropic mode we may take an
‘‘equivalent depth” h = 10 km, so that a?Q?%gh
~ 2.2. Then the stationary wave profiles in Fig. 13,
and thus the rays, phases, propagation times and
amplitudes are modified by an insignificant amount.
This is in agreement with the results of Grose
and Hoskins (1979) where it was shown that the
simple mountain response was almost identical with
an infinite or 10 km depth. However, if one takes
h = 400 m for the first internal mode, as was done
by Gill (1980), then a2Q?%gh ~ S5 and there can be
no propagation into middle latitudes. Consistent
with the nature of the atmospheric observations and

F1G. 16. Rays and phases every 180° for (a) 30° and (b) 45°
sources in the NH 300 mb zonal flow.
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FiG. 17. Rays and phases every 180° for a 15° source in the
NH 500 mb zonal flow. Rays for zonal wavenumbers > 6 are
omitted.

the baroclinic model solutions, this analysis suggests
that, away from source regions, the long time-scale
middle and high latitude response must have an
equivalent barotropic structure.

6. Discussion

In this paper we have concentrated on the patterns
generated by forcing in a global atmosphere. Linear
barotropic models, baroclinic models and ray tracing
analysis have all given similar results which are
generally in agreement with those from observa-
tional studies and, to some extent, GCM integrations.
This gives confidence that the linear, steady-state
assumptions do not grossly distort the atmospheric
response and that the methods described in this
paper provide a good guide to predicting the general
pattern of the perturbations induced by large-scale
forcing. Whether these methods can predict the posi-
tions of the actual extrema is less clear. They should
be viewed as part of the hierarchy of models that
can be brought to bear on such problems. They
suggest modes of behavior that should be looked for
in atmospheric and GCM data.

Concurrent with this study, Opsteegh and van den
Dool (1980) and Webster (1981), using linear models,
have produced results showing the importance for
middle latitudes of subtropical forcing in the
westerly wind region. This point is clearly in agree-
ment with the work described here.

The role of dissipation in the models used in this
paper is an interesting one. If there is very weak
dissipation, then resonance is a possibility and the
solutions are very insensitive. However, for suf-
ficiently large dissipation, the sensitivity of the
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structure of the response disappears. Larger dissipa-
tions give the same patterns but with reduced
amplitude. The solutions are then much as pre-
dicted by frictionless, barotropic ray tracing since
the major role of the dissipation is to absorb the
waves at the critical line and thus prevent propaga-
tion back to the source region. The scale of the
response K, should be interpreted as the local
stationary wavenumber and not the resonant wave-
number. This is consistent with the barotropic
integrations in which this local scale is established
long before Rossby wave energy has had time to
propagate around the sphere.

This paper has been concerned with the patterns
of the waves induced by large-scale forcing. The
fluxes of heat, momentum and potential vorticity
by the waves and their Eliassen-Palm fluxes are all
subjects of current study, as also is the effect of
better resolving the stratosphere;
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